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We call a graph matching-covered if every line belongs to a perfect matching. We study 
the technique of "ear-decompositions" of such graphs. We prove that a non-bipartite matching- 
covered graph contains K~ or K2@Ka (the triangular prism). Using this result, we give new 
characterizations of those graphs whose matching and covering numbers are equal. We apply 
these results to the theory of r-critical graphs. 

O. Introduct ion 

In this paper we study the structure of those connected graphs, called matching- 
covered, in which every line belongs to a perfect matching. This is, o f  course, a rather 
restrictive property but  quite often (e.g., when studying the number of  perfect mat- 
chings) it can be assumed without loss of  generality by simply ignoring those lines 
which do not occur in any perfect matching. 

Two main lines in the study of  structural aspects of  matching-covered graphs 
started quite early. Kotzig [10] defined the "canonical partition" of  these graphs. 
Some further properties and applications of  this partition were given by Lovfisz [13]. 
The other technique of  decomposing such graphs is the technique of  "ear-decompo- 
sitions". This was first introduced by Hetyei [9], and refined by Lovfisz and Plum- 
mer [15]. 

In this paper we further exploit this ear-decomposition technique, and give 
some applications of  the results. In Chapter 1 some results on ear-decompositions 
are proved. In Chapter 2 we prove that if a matching-covered graph is non-bipartite 
then it has to contain one of  two non-bipartite matching-covered graphs. 

Sterboul [20] and Deming [3] characterized those graphs in which the matching 
number equals the point-covering number (e.g. all bipartite graphs have this property 
by K6nig's theorem). We offer two further characterizations of  this property in Chap- 
ter 3, in part  as an application of  the main result in Chapter 2. The second one of  
these is closely related to Sterboul's and Deming's, even though no direct way is 
"known to derive one from the other. We also show how to apply these results in the 
theory of z-critical graphs, and formulate some conjectures. 

AMS subject classification (1980): 05 C 99. 
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1. Prel iminaries  

Let G be a finite, undirected graph. We say that G is critical i f G - x  has a per- 
fect matching for every xE V(G). We say that G is matching-cot'ered if  it is connected 
and every line of  G belongs to a perfect matching of G. Matching-covered graphs 
have been studied under various names (elementary graphs without forbidden lines, 
Lovfisz and Plummer [15]; l-extendable graphs, Plummer [19]; U-graphs, Naddef 
[17] etc.). One early result on their structure is due to Kotzig [10] and Lovfisz [13]: 

Theorem 1.1 Let G be a matching-covered graph. Then V(G) has a (uniquely deter- 
tabled) partition ~(G)  with the )Collowing properties: 
(a) For x, yE V(G), G - x - y  has a perfect matching iff  x and y belong to diffe- 
rent classes o f  ~ (G) ;  
(b) A subset SC= V(G) 
each o f  which is critical. 

is a class o f  ~ (G) iff  G -  S has IS I connected components, 
[] 

In fact, this result was proved for a somewhat larger class of  graphs called 
elementary, but we shall not need this fact. 

It follows from (a) above that the classes of ~ (G)  are independent sets, i.e. 
~(G)  is a coloration ofG.  ] fG  is bipartite than it is not too difficult to show that ~'(G) 
coincides with its unique 2-coloration. (The study of  bipartite matching-covered 
graphs goes back all the way to K6nig [11]). If  the graph G is not bipartite then ~ (G)  
is in general far from the best possible coloration. E.g. if we subdivide every line of  
K2p by two points we obtain a graph G with chromatic number 3 and with 2p classes 
m ~'(G). 

It may be worthwhile to formulate in general how the partition ~ (G )  changes 
under subdivision. A graph G' is called an even subdivision of  G if every line of  G is 
subdivided by an even number of new points (possibly 0). 

Proposit ion 1.2. Let G be a match#lg-covered graph and G" an even subdivision o f  G. 
Then ~(G') ,  restricted to V(G), is the same partiton as ~(G).  Furthermore, ( f  x is a 
point o f  V(G') - V(G) which subdivides a line uvE E(G) and is at an even distance from 
u on this subdivided line, then x belongs to the same class o f  ~ (G') as u. [] 

Another approach to the structure of  matching-covered graphs is due to Hetyei 
[9]. Let G be a graph and G' a subgraph of  G. We say that G' is a nice subgraph if  
G - V ( G ' )  has a perfect matching. (Thus every spanning subgraph is nice.) 

Let G be a graph and G' a subgraph ofG.  A path P e G  is called an ear of G" 
if V(P) f3 V(G') consists of  the two endpoints of  P. In this paper all ears will have 
odd lengths and we shall not tell this explicitely. Any line spanned by V(G') but not 
in E(G') is an ear of  G'. 

A (weak) ear-decomposition of  G starting with G' is a representation G in the 
form 

G = G ' U P I U . . . U P k ,  

where Pi+l is an (odd) ear of  G'UP1U. . .UPI  for i=0 ,  1, . . . , k - l .  The starting 
point of  our paper is the following result, implicit in the work of  Hetyei [1964]. 

Theorem 1.3. Let G be a matching-covered graph and G" a subgraph o f  G. Then G 
has an ear-decomposition starting with G' i f  and only i f  G' is a nice subgraph o f  G. 
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Proof. The fact that if G has an ear-decomposition starting with G" then G" is nice 
is trivial: for every ear Pi, let M(P~) denote the set of  lines of  P~ at an odd distance 
from its endpoints. Then M(P1)U. . .  UM(Pk) is a perfect matching of  G - V ( G ' ) .  

On the other hand, assume that G" is nice and let M be a perfect matching of  
G -  V(G'). If  G' is spanning then the assetion is obvious, so suppose that G" is not 
spanning. Since G is connected, there exists a line e connecting V(G') to V(G) - V(G'). 
Let F be a perfect matching of  G containing e. Let P1 be the connected component 
of  M U  F containing e. Then P1 is clearly a path alternating with respect to M and 
starting and ending at G'. Hence P,  is an ear of  G" and G'UP,  is a nice subgraph of  
G. We can continue in the same manner and find an ear-decomposition of  G. [] 

A strong ear decomposition is an ear-decomposition starting with a single line, 
in which the ears are grouped: 

G = {e0} U (el  U.. .  U el l )  U (Pil + 1 U.. .  U Pl~.) U. , .  U (Pit-1 +1 U . . .  U el,),  

in such a way that the paths in each paranthesis are vertex-disjoint and, for every 
l<-t<=r, the graph {eo}U(PtU...UP~I)U...U(P~,_I+,U...UP~, ) is matching- 
covered. 

Example: Let G=K4, where V(K4)= {I, 2, 3, 4}. Then G=12U2341U(14U23)  
is a strong ear-decomposition of  G (abusing notation, we denote the path through the 
points 2, 3, 4, 1 simply by 2341 ; also we omit a pair ofparantheses if there is only one 
ear inside). Note that the second paranthesis is necessary since if only one of  14 or 23 
is added to the cycle 12341, then the resulting graph is not matching-covered. 

The following result is due to Lovfisz and Plummer [15]: 

Theorem 1.4. Every matching-covered graph has a strong ear-decomposition with at 
most two ears in each paranthesis. [] 

The fact that every matching-covered graph has a strong ear-decomposition 
was proved by Hetyei; this follows by the same argument as Theorem 1.3. It is con- 
siderably more complicated to prove that the parantheses can be broken up into others 
containing at most two ears so that we still obtain a strong ear-decomposition. More 
exactly one can prove the following, slightly stronger result: 

Theorem 1.5. Let G be a matching-covered graph and G" a matching-covered nice 
subgraph o f  G. Then there exist one or two disjoint ears o f  G" in G such that adding these 
to G' results in a matching-covered subgraph. [3 

One may formulate this result in a third way. Let us call a strong ear-decom- 
position of a matching-covered graph G non-refinable if we cannot break up any 
paranthesis into two; in other words, if we consider any paranthesis 

G . . . .  (P, U. . .  U P~)... 

in this ear-decomposition, and denote the subgraph constructed previously by G,,  
then for every non-empty proper subset {i~ . . . .  , i , , }c{ i  . . . .  ,.]}, the subgraph 
GIUPi~U...UPI,, is not matching-covered. 

Theorem 1.6. In any non-refinable ear-decomposition o f  G, every paranthesis consists 
o f  one or two ears. [] 
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We shall call a paranthesis accordingly a 1- o1" 2-ear addition step. 
The case of bipartite graphs is again of  particular interest. The following result 

was proved (in a matrix form) by Hartfietd [8]. 

Theorem 1.7. A bipartite graph is matching-covered i f  and only i f  it has a weak ear- 
decomposition starting with a lhTe. A matching-covered graph is bipartite zf  and only i f  
it has a strong ear-decomposition with no parantheses. Every weak ear-decomposition 
of  a matching-covered bipartite graph is strong. [] 

We next prove two lemmas by an "ear-decomposition" technique which will 
enable us to find special ears of subgraphs. 

Lemma 1.8. (Ear Selection Lemma). Let  G be a matching-covered graph, Go a nice 
subgraph of  G, and V(Go) = V1 U ~ a partition of  V(Go). Assume that there exists a 
path in G-E(Go)  connecting 1/1 to 1/2. Then there exists an ear o f  Go connecting 
V~ to v2. 

Proof. We use induction on {E(G)-E(Go)I. If  there is a line e such that e connects 
~\ to V~ but e~ E(Go) then we are done. Suppose that no such line exists. Let M be 
a perfect matching in G - V(Go). Let e be any line connecting V~ to V ( G ) -  V~- V2 
(e.g. the first line on a path in G-E(Go),  connecting V~ to V~). Let F be a perfect 
matching in G containing e and P the connected component of  F U M  containing e. 
Then P is an ear of Go starting at Vt. 

If  P ends at V.~, then we are done. If  P ends at V~, then consider the nice 
subgraph Go=GoUP and the set Vt'= VtOV(P).  By the induction hypothesis, 
Go has an ear Q, connecting//1" to v2. But then Q, together with the appropriate por- 
tion of P, forms an ear of  Go connecting 111 to V2. [] 

For  bipartite graphs we can find ears of  nice subgraphs with more restrictive 
properties. 

Lemma 1.9. (Bipartite Ear Selection Lemma). Let G be a bipartite matching-covered 
graph with bipartition {U, W }. Let G~ and G2 be vertex-disjoint non-empty subgraphs o f  
G such that GzUGz is nice and [V(G~)AU[>=[V(G1)AWI. Then GzUG2 has an 
ear connecting V(Ga) (~ U to V(G.,) f~ W. 

Proof. By induction on ]E(G)-E(GI)-E(G2)I.  If  this is 0 then the assertion is 
void (the hypothesis is not fulfilled). Since G is matching-covered, it follows that 

I r (v (a~)aU) f  > IV(GOnU I ~ IV(GOaW], 

and hence there exists an edge e joining V(G~)(~ U to W -  V(G,). 
Let M be a perfect matching of G -  V(G~ 15 G2), F a perfect matching of  G 

containing e, and consider the connected component P of  F(JM containg e. P is 
an odd path. with one endpoint in V(G~)f-)U. If  the other endpoint of  P is in 
V(G~) (3 W, then we are finished. If the other endpoint of  P is in V(GO f3 W, then 
consider G~=Gtf3P. Since G~UG2 is nice (in fact M ' = M - E ( P )  is a perfect 
matching in G-V(G~UG.z)), and tV(G~)~U]>=]V(G~)OW[, we may apply in- 
duction and find an M'-altermating path Q connecting V(G[)(3 U to V(G.,.)O W. 
But then Q, together with the appropriate portion of P, forms an M-alternating 
path connecting V(G~)f~U to V(G.,)NW. [] 
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Let G be a non-bipartite matching covered graph and consider a strong ear- 
decomposition of  G in which every step contains at most two ears. It  is an important,  
but unsolved question to find a strong ear-decomposition with as few 2-ear steps 
parantheses as possible (note that since the number of  ears in any strong ear-decom- 
position is IE(G)I -]V(G)I+I ,  this is the same problem as finding a strong ear- 
decomposition with the maximum number of  steps.) For  ramifications of  this pro- 
blem, see Naddef  and Pulleyblank [18]. Here we prove the following, loosely connected 
result. Let G be a matching-covered graph and G' a nice matching-covered subgraph 
of  G. We say that G'  is a splitting subgraph if for every connected component  T of  
G - E ( G ' ) ,  V (T )O V(G') is contained in one class of  ~ (G ' ) .  In other words, no path 
in G - E ( G ' )  connects two points in different classes of  ~ (G ' ) .  It  is clear that if G" 
is splitting then in any ear-decomposition 

G=G'UhU...U&, 

the subgraph G'UP1 is not matching-covered. So if G'  occurs in any strong ear- 
decomposition of G, then the next step must consist of  the addition of  at least two 
ears. The following theorem is a certain converse of  this observation. 

Theorem 1.10. Every matching-covered graph G has a strong ear-decomposition such 
that whenever a bracket contains more then one ear, the subgraph constructed up to 
that po&t is splitting. 

Roughly speaking, in this ear-decomposition we add two ears only if we are 
forced by the fact that the subgraph already constructed is splitting. 

Proof. Starting with an arbitrary edge e0, we add one or two ears repeatedly so 
that we always obtain a matching-covered nice subgraph G' of  G and whenever 
possible, we add only one ear. 

Assume that at a certain step we cannot add one ear to the current G' so that the 
resulting graph is matching-covered. I f  G'  does not split G then there is a path P 
connecting two distinct classes $1, $2~ ~ (G). Thus by The Ear Selection Lemma,  G'  
has an ear P connecting S~ to V(G') - S~. Then G" + P is matching-covered and hence 
P could be added to G',  a contradiction. [] 

We end this section with quoting the following result of  G.H.C.  Little on 
matching-covered graphs, for sake of  later reference. 

Theorem 1.11. Any two lines o f  a matching-covered graph are contained in a nice 
cycle. [] 

2. Non-bipartite matching-covered graphs 

We have discussed in the previous section how far can the addition of  two 
ears be postponed. It  is another interesting question how soon can we "get  over 
with" the addition of  two ears. We can answer this question for the first 2-ear step, 
by showing that  this can always be done in either the second or the third step. This 
result will have some non-trivial applications. 

Theorem 2.1. Let G be a non-bipartite graph. Then G has a non-refinable ear-de- 
composition such that either the second or the third step is the addition o f  2 ears. 
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The result trivially follows from (in fact, it is equivalent to) the following 
theorem. Let K, denote the complete n-graph and R,, denote the n-prism, i.e. the 
cartesian sum of  Kz and an n-cycle. With this notation, Ka and R3 are non-bipartite 
matching-covered graphs with the property that in every ear-decomposition of  them, 
the last step is the only 2-ear addition step (Figure 1). 

Fig. 1 

Theorem 2.2. Let G be a non-bipartite matching-covered graph all whose nice mat- 
chhzg-covered proper subgraphs are bipartite. Then G is isomorphic to an even subdi- 
vision o f  K4 or R3. 

Proof. By induction on [V(G)[. We may assume that G has no point of degree 2. 
For  suppose that xC V(G) is adjacent to y and z but to no other point. Identify x, y 
and z. The resulting graph is trivially non-bipartite and matching-covered, and so, 
it contains an even subdivision G~ of  K4 or R3 as a nice subgraph. Clearly, G~+xy+yz 
corresponds to a nice subgraph of  the original graph G which contains a nice even 
subdivision of one of  these two graphs. By the minimality hypothesis, G itself must 
be an even subdivision of K4 or R3. 

It also follows that G is 3-line-connected. For  suppose that G has a pair {e,f} 
of  lines such that G - e - f  is disconnected. Since G is 2-line-connected, G - e - f  has 
then exactly two connected components G~ and G~, and e and f connect G1 to G~. 
Let e=xlx2, f=YD'2 where xi, yiCV(Gi). 

Case 1. G1 and G2 are even. Then one of  Gx+Xlyl ,  Gz+x~)'2, say the first, must 
be non-bipartite. It is easy to see that G~+xlyl is matching-covered and hence it 
contains an even subdivision H of  K~ or R3 as a nice subgraph. I f H  does not contain 
xly~ we are done. So suppose that xly~CE(H). Further, since G2+x~,2 is matching- 
-covered and not just Ks, it contains a nice cycle C through x.zy2. But then ( H - x l y l )  + 
+(C-x2y2)+xax2+y~y2 is an even subdivision of K4 or R3 contained in G. 

Case 2. G, and G2 are odd. Then let G~ and G~ denote the graphs obtained from G by 
contracting G2 and G~ to a single point, respectively. G~ and G~ are matching-covered 
and one of  them, G~ say, is non-bipartite. We conclude just like in Case 1. 

Now we turn to the more substantial part of  the proof. Consider any non- 
refinable ear-decomposition of  G. Then the graph G" before the last step is bipartite. 
Since G is non-bipartite, it must arise from G' by attaching two ears. Since G has no 
point of  degree 2, these two ears are of  length 1. Let el and e2 be the two lines forming 
these last ears. Then it is easily verified that el and e2 are spanned by different color 
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classes of  G' and that every nice cycle (in fact, every even cycle) containing one of  
them must also contain the other. 

Let C be a nice cycle through el (and so through e~), and consider a non-defi- 
nable ear-decomposition of  G starting with C. As before it follows that G arises 
from a bipartise G" by attaching two edges J] and f2, one in each color class. 

Let C '  a nice cycle of  G containing both el andf~ (this exists by Litte's Theo- 
rem 1.11). Then by the above, C '  also contains e~ and f2. 

Consider an ear-decomposition of  G starting with C' ,  and let, similarly as be- 
fore, ht and h2 be the two lines to add to G "  to obtain G. Thus each of  the pairs 
{el, e~}, {fl, ~}  and {hi, h2} has the property that deleting its elements from G the 
remaining graph is bipartite. 

Let C be a nice cycle in G-e~-e~ containing both endpoints of  e~ (such a 
cycle exists by Little's theorem). The line e~ forms with the two arcs of  C two odd 
cycles. Since G - J l - f 2  is bipartite, it follows that f~ and f ,  are lines of  C and if E~ 
and E.,. are the two components of  C-fl-.fi. then el connects E~ and E2. Further, 
E~ and E~ are odd paths, as f ,  andf~ are spanned by different color classes of the bi- 
graph G - f 1  -J~. 

Applying the Bipartite Ear Selection Lemma, we obtain a path. PcG- f~ -~  
alternating with respect to some perfect matching of  G-V(C), which connects E~ 
to E2 and whose endpoint on El is at an odd distence from the endpoint of  e~ on E~. 
Since G -.f~ - f2  is bipartite, the endpoints of el and P on E., are also at an odd distance. 
If the endpoints ofe~ and P separate each other on C, then we have an even subdivi- 
sion ofK~. So suppose that they do not. Then et and P forna, with appropriate arcs of  
C, two di~oint odd circuits C~ ,~nd C~ such that C~UC~_ is a nice subgraph. Since 
G-e~-e2 is bipartite, it follows that eiEE(CO and similarly, f ,  h~EE(C~) (if the 
subscripts are chosen appropriately). 

Let E;, Fi and Hi denote the components of  C i -  {e;, fl, hi}, so that Ei and 
ei, Fi and fi ,  as well as H~ and h~- are disjoint (Figure 2). 
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Fig. 2 
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Claim 1. No path in G - { e l ,  e2, f l ,  A ,  hi, h2} connects two points o f  Ci on diode - 
rent arcs E,, Fi, Hi. 

Proof. Suppose that there is such a path P connecting a point of  Ez to a point of  Fi. 
Then P, together with one of  the two arcs of Ci connecting its endpoints, forms an 
odd cycle Co. But then Co misses at least one of  the pairs {el, e2}, {f~, f2} and 
{hi, h2}, which is a contradiction. [] 

Claim 2. I f  a path openly disjoint from Ct U C2 connects C~ to C~ then it connects 
E1 to E2 or F1 to 1:2 or H1 to H~. 

Proof. Suppose that P is such a path connecting E~ to F2 (say). Since G is 3-line- 
connected, G-{e~,  fl} contains a path Q connecting HI to C1UC~,UP-V(Ht).  
Now the endpoint of  Q in C1UC~UP-V(H1)  cannot be on _PUFf_, by Claim 1. 
Let R~ be the arc of  C~ connecting the endpoints of P and Q, cotainingfl  (but not e~ 
and h~), and let R2 be the arc of  C2 connecting the endpoints of P and Q such that 
the cycle Co=R~UPUR.zUQ is odd. Then Co misses either both el and e2 or both 
hi and hz, which is a contradiction. [] 

Since C~ is odd, at least one of  $1, F~, Ht  is of  even length; let, say, Et be of 
even length. Let M be a perfect matching in G-V(C~) -V(C2) .  

Claim 3. There exists an M-alternating path P connecthTg a point xtE V(E1) to a 
pohTt x.zE V(E2) ; furthermore, xl divides E~ hTto two even paths. 

Proof. To prove this claim, consider the matching-covered bigraph G - e ~ - e 2 ,  
the subgraphs G~=E~, G2=E~UF~UFzUHIUH~, and the 2-coloration {U, W} 
o fG  - e t - e 2  in which the points of  UA V(E~) divide E~ into two even paths. Then the 
Bipartite Ear Selection Lemma implies that G-e~-e~  contains an M-alternating 
path Pconnecting U(~ V(E~) to WN (V(E2)U V(Ft)U V(F.OU V(HDU V(Hz)). By 
Claims 1 and 2, P must end at WOV(E~,). [] 

By the same argument we find an M-alternating path Q connecting a point 
y ~  V(FD to a point y ~  V(F2), where )'1 is at an even distance on F~ from hi; and 
an M-alternating path R connecting a point z ~  V(H~) to a point zzE V(H~), where 
z~ is at an even distance on H1 from f l .  Thus x~, y~ and z~ divide C~ into three odd 
arcs. Claim 1 implies that P, Q and R are vertex-disjoint, and the fact that G - e l - e ~  
is bipartite implies that x~, ya and zz divide C~ into three odd arcs. Thus C~UC,,U 
U P U Q U R  is a nice subgraph and an even subdivision of  R~. [] 

3. The K6nig property 

get, for a graph G, v(G) denote the maximum size of  a matching and r(G) 
the minimum number of points covering all lines. Obviously, v(G)<=z(G). We say 
that G has the K6nig property if v(G)=z(G). (The theorem of  K6nig asserts that 
every bipartite graph has this property.) 

Sterboul [20] and Deming [3] found the following characterization of  graphs 
with the K6nig property. Let M be a maximum matching in G. A monocle (with re- 
spect to M)  is the union of  an odd cycle C and an even path P such that P connects a 
point of  C to a point missed by M, has no other point in common with C, and M meets 
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C U P  in a maximum matching of CUP. A binocle (with respect to M) is the union 
of two odd cycles C1 and C2 and an odd path P such that P connects a point of Ca to 
a point of C2, has no other point in common with C1UC2, and M A P  is a perfect 
matching of P and MNC~ is a maximum matching of  Ci. (The two cycles C1 and C2 
do not have to be vertex-disjoint!) 

Theorem 3.1. (Deming [3], Sterboul [20]). Let G be a graph and M a maximum 
matching of  G. Then G has the K6nig property i f  and only i f  it contains no monocle or 
bh~ocle with respect to M. [] 

Here we offer two other characterizations of the K6nig property. This property 
is by definition in NP. Each of the three characterizations imply that it is also in 
CO-NP. The next characterization easily yields that the K6nig property is in P (this 
also follows from the work of Sterboul and Deming). 

We shall need the following important theorem of  Edmonds [4] and Gallai 
[6]. Let G be any graph. Let D(G) denote the set of points of G which are missed by 
some maximum matching. Let A(G) denote the set of neighbors of D(G) in V(G)-  
-D(G) ;  and let C(G)=  V(G)-A(G)-D(G) .  

Theorem 3.2. (Edmonds [4], Gallai [6]). The subgraph spanned by C(G) has a pe(fect 
matching. Every connected component o f  the subgraph spanned by D(G) is critical 
The number of  components spanned by D(G) is IM(G)I+IV(G)I-2v(G ). Et,ery 
maximum malching of  G consists o f  a perfect matching of  C(G), a matching of  the 
points o f  A with points hz different components" o f  G, and a maximum matching o f  each 
component spanned by D(G). [] 

It is also important to point out that Edmonds' matching algorithm [4] ends 
up with this partition {A(G), C(G), D(G)} of  V(G). 

Using this result, the study of the K6nig property can easily be reduced to the 
case when the graph in question has a perfect matching. 

Lemma 3.3. A graph G has the K6nig property iff D (G) is" an independent set of  points 
and the subgraph induced by C(G) has the Kiinig property. 

Proof. Let a', yED(G) and assume that x and 3' are adjacent. Let T be a minimum 
point-cover of G, then one of x and y, say :c, belongs to T. By the definition of D(G), 
G - x  has a matching M of size v(G). Since T must cover all edges of  M, it follows 
that ITI~ IMI+ 1 >v(G). So a does not have the K6nig property. 

Forthermore, assume that the subgraph G~ induced by C(G) does not have the 
K6nig property, and let again T be a minimum point-cover of G. Then Tf~C(G) 

is a point-cover of G~ and hence ITf~C(G1)[>v(GO=IV(G)J/2. Further, 
TN(A(G)UD(G))I>=IA(G)I, since A(G)UD(G) spans IA(G)I independent lines 
y the properties o f  the Edmonds--Gallai decomposition. Hence [TI>IAfG)[+ 

+½IC(G)I=v(G ), and so G fails to have the K6nig property again. 
Conversely, assume that G~ has the K6nig property and D(G) is an indepen- 

dent set. Let Tbe a minimum point-cover of G~, then TU A (G) is a point-cover of G 
and 

ITU A(G) I = ½1C(G)I+ !A(G)I = v(a). 

Thus G has the K6nig property. [] 

8* 
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A pet~,ct k-matching in a graph G is an assignment of  non-negative integers to 
the lines in such a way that the sum of the values of lines adjacent to any given point 
is k. Thus in every perfect 2-matching those lines with value 2 form a matching M, 
and those lines with value 1 form vertexdisjoint cycles which cover V(G) -  V(M). 
We say that a line occurs' in a perfect k-matching if its value is positive. 

Two perfect matchings give rise to a perfect 2-matching, by letting the value 
of  a line be the number of perfect matchings among these two containing it. Not every 
perfect 2-matching, however, arises this way : a perfect 2-matching is the sum of  two 
perfect matchings iff every cycle formed by edges of  value 1 is even. 

Theorem 3,4. A graph G with a perfect matching has the Kb'nig property iff those 
lines which occur in some perfect 2-matching form a bipartite graph. 

Proof. I. Assume first that there exists an odd cycle C all whose edges occur in 
perfect 2-matchings, Let T be a point-cover, then T must contain two points x, y 
adjacent on C. Let o9 be a perfect 2-matching in which xy occurs. Then 

whence 

21TI = Z Z o(uv) ~ Z ~o(uv)-ko.)(xy) ~ [V(G)[-{-1, 
u~ T uvC F-(G) ut'E g(G) 

ITI > ~IV(G)I : ,,(G~. 

Thus G does not have the K6nig property. 
II. Assume that those lines occuring in perfect 2-matchings form a bipartite 

graph Go. 
Since G has a perfect 2-matching, [_r(X)l=>[Xl for every independent 

xc= V(G). 
Assume first that G contains an independent set A c= V(G) such that [F(A)I = 

=[A[. Consider the subgraph G, induced by AUF(A)  and the subgraph G2= 
= G - A  --F(A). Obviously, any perfect matching of G consists of  a perfect matching 
of  G1 and one of  G~. Furthermore, every perfect 2-matching of  G2 extends to a per- 
fect 2-matching of  G. Hence it follows that those edges of  G2 occuring in perfect 
2-matchings form a bipartite graph and so, by induction, we may assume that G2 
contains a point-cover T of  size ½1V(G2)I = ½ [ V(G) I - IAI. Then TU F (A) is a point- 
cover of  a of  size -}1V(G)I. 

Second, assume that for every independent set A c= V(G) we have [E(A)I> 
>IAI. We claim that every line of G occurs in a perfect 2-matching. For  let xyE 
6E(G). Then every independent subset A c= V ( G - x )  has at least IAI neighbors in 
G - x ,  and so by a theorem of  Tutte [22], G - x  has a perfect 2-matching o9,. Simi- 
larly G - y  has a perfect 2-matching o92. Then cot+co~+2xy is a perfect 4-matching 
of  G in which xy occurs. Since every perfect 4-matching is the sum of two perfect 
2-matchings by Petersen's theorem, we obtain a perfect 2-matching containing xy. 

(Remark: This conclusion would also follow from the results of  Berge [2] 
on regularizable graphs.) 

Now it follows that G is bipartite and hence v = z  holds true by K6nig's 
theorem. [] 

Next we prove another characterization of  graphs with the K6nig property, 
more closely related to the results of Deming and Sterboul. 
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Theorem 3.5. Let G be a connected graph with a perfect matching. Then G has the 
K6nig property iff it does not contain an even subdivision of the graphs h7 Figure 3 as 
a nice subgraph. 

Proof. If  G contains either one of  the graphs in Figure 3 as a nice subgraph then a 
simple calculation shows that every point-cover of  G has more than ½-IV(G)] 
points and so G does not have the K6nig property. 

A 
Fig. 3 

Assume that G does not have the K6nig property. Then by Theorem 3.4., 
those lines of  G which occur in any perfect 2-matching form a non-bipartite subgraph 
Go. Suppose first that no perfect 2-matching of G contains an odd cycle. Then every 
perfect 2-matching of  G is the sum of two perfect matchings and so every line of  Go 
occurs in a perfect matching. Hence every connucted component of Go is matching- 
covered. Since Go is nonbipartite, it has a component G1 which is non-bipartite. Thus 
G~ contains an even subdivision of  one of  the two graphs in Figure 1 as a nice sub- 
graph. Hence G contains an even subdivision of one of  the two graphs in Figure 3 
as a nice subgraph. 

Second, suppose that G has a perfect 2-matching co which contains an odd cycle. 
If  co contains 2 k > 2  odd cycles, then let Go be the union of  these. Then Go 

is a nice subgraph of  G and since the connected components of  G are even, there 
must exist two odd cycles of  Go belonging to the same component of  G. Hence by 
the Ear Selection Lemma, there is an ear P of Go connecting two odd cycles C1 and 
Ca of  Go. Then C~UCzUP has a perfect matching M. Replacing CI, C2 and co IP 
by 2M in co, we obtain a perfect 2-matching with 2 k - 2  odd cycles. Repeating this 
procedure if necessary, we obtain a perfect 2-matching coo with exactly 2 odd cycles 
C1 and C2. 

As above, it follows that C~UC2 has an ear P connecting C1 and C2. Thus 
Cx U Ca U P is an even subdivision of  the second graph in Figure 3, occuring in G as 
a nice subgraph. [] 

As an application of  this result, we derive a theorem of  Andr~isfai [1]. Let G 
be a graph. We say that G is z-critical if z(G')<z(G) for each proper subgraph G" 
of G. Erd6s and Gallai [5] proved that, for every z-critical graph G, ]V(G)I ~2z(G),  
and that equality holds iff G is a matching. It follows from the results of Hajnal 
[7] that if G is a connected z-critical graph with IV(G)[=2z(G)-1  then G is an odd 
cycle. Andr~sfai [i] proved that if G is a connected z-critical graph with [V(G)I= 
= 2 z ( G ) - 2  then G is an even subdivision of  K4. Sur~inyi [21] determined those 
connected z-critical graphs with [ V(G) I = 2v (G) - 3 and Lov4sz [14] proved that for 
every 6 > 0  there exist a finite number of  graphs such that their even subdivisions 
are precisely the connected z-critical graphs with IV(G)[=2v(G)-& 
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Let us derive Andrfisfai's result from Theorem 3.5. We shall comment on the 
relationship between matchings and the other results mentioned above in the next 
section. 

So let G be a connected ~-critical graph with I V(G)I =2T(G) --2. By a theorem 
of  Hajnal, G has a perfect 2-matching co. The perfect 2-matching co cannot contain 
an odd cycle, since th:n the subgraph formed by the edges occuring in this perfect 
2-matching would have z (G') = v (G), contradicting the hypothesis that G is z-critical 
( G ' ~ G  as G is connected). 

So co contains no odd cycle and hence G has a perfect matching. Since z (G) = 
=½(I V(.G)+Z)>v(G), G does not have the K6nig property and so by Theorem 3.5, 
it contains an even subdivision of  one of the two graphs in Figure 2 as a nice subgraph. 
But G cannot contain an even subdivision of  the second, since then we would find a 
perfect 2-matching with an odd cycle. So G contains an even subdivision Go of/£4 
as a nice subgraph. But then, if G' is the subgraph consisting of  Go and a perfect 
matching of  G-- V(Go), we have z (G ' ) : v (G) .  Hence G'=G. Since G is connected, 
this is possible only if G=Go. [] 

4. Concluding remarks 

Theorem 2,2. may be rephrased like this: if G is a matching-covered graph an 
]~(G)]>2  then G has a nice-matching-covered subgraph G' with [~(G' ) I>2 and 
with cyclomatic number <-4. In this form, it suggests the following conjecture. 

Conjecture 1. There exists a funct ionf(k)  with the following property: every mat- 
ching-covered graph with ]~(G)[ >:k has a nice matching-covrede subgraph G" with 
I~(G')l>=k and with cyclomatic number <-f(k). 

A similar conjecture arises from Little's theorem: 

Conjecture 2. There exists a function g(k) such that i f  G is a matching-covered graph 
and el, ..., ek E E (G), then G has a nice matching-covered subgraph containing el . . . .  , e~ 
with cyclomatT"c number <-g(k). 

Finally, we formulate a third related conjecture: 

Conjecture 3. There exists a function h(s, t) such that i f  G is any graph, X1, ... 
. . . ,Xtc:V(G),  IXil=s and G - X i  has a perJect matching for every l<:i<-t, then 
G has a nice subgraph G" such that X1 . . . .  , Xt~: V(G'), G" -X i  has aperfect matching 
for every l<-i<-t, and G" has cyclomatic number <-h(s, t). 

We remark that Conjectures 2 and 3 are true for bipartite graphs (Lovfisz and 
Plummer [15]; Lovfisz [14]). In fact, the validity of  conjecture 3 for bipartite graphs 
is the main lemma in the proof  of  the finite basis theorem for v-critical graphs men- 
tioned in the previous section. 

Conjecture 2 is valid for k - -2  (this is just Little's theorem). Conjecture 3 
is trivial if t=2 ,  but the case t = 3  is already unsettled. In fact, the general case can 
be reduced to the case t=3 .  



MATCHING-COVERED GRAPHS 117 

References 

[1] B. ANDR,/~SFAI, On critical graphs, in: Theory o f  Graphs, Dunod, Paris--Gordon and 
Breach, New York, (1967) 9--19. 

[2] C. BERGE, Regularizable graphs I - - I I ,  Discrete Math. 23 (1978) 85--89 and 91--95. 
[3] R. W. DEMING, Independence numbers of graphs - -  an extension of the K6nig--Egerv~.ry 

theorem, Discrete Math. 27 (1979) 23--33. 
[4] J. EDMONDS, Paths, trees and flowers, Can. J. Math. 17 (1965) 449--467. 
[5] P. ERD6S and T. GALLAI, On the minimal number of vertices representing the edges of a 

graph, Publ. Math. Inst. Hung. Acad. Sci. 4 (1961) 181--205. 
[6] T. GALLAI, Maximale Systeme unabhhngiger Kanten, Publ. Math. lnst. Hung. Acad. Sci. 

9 (1965) 4 0 1 4 1 3 .  
[7] A. HAJNAL, On k-saturated graphs, Can. J. Math. 17 (1965) 720--724. 
[8] D. J. HARTFIELD, A simplified form for nearly reducible and nearly decomposable matrices, 

Proc. Amer. Math. Soc. 24 (1970) 388--393. 
[9] G. HETVEI, 2 × l - e s  t6glalapokkal lefedhet6 idomokr61, Pdcsi Tandrk@z6 Fdiskola Tud. 

K6zl. (1964) 351--368. 
[10] A. KoTzm, Ein Beitrag zur Theorie der endlichen Graphen I - - I I - - I I I ,  Mat. Fyz. Casopis 

9 (1959) 73--91, 136--159, and 10 (1960) 205--215. 
[11] D. K6ym, Vonalrendszerek 6s determin~_nsok, Mat. Term. t~rt. 33 (1915) 221--229. 
[12] G. H. C. LIT'rLE, A theorem on connected praphs in which every edge belongs to a 1-factor, 

J. Austral  Math. Soc. 18 (1974) 4 5 0 4 5 2 .  
[13] L. Lov/~sz, On the structure of factorizable graphs, Acta Math. Acad. Sci. Hung. 23 (1972) 

179--195. 
[14] L. Lov~.sz, Some finite basis theorems an graph theory, in: Combb,atories (ed. A. Hajnal 

and V. T. S6s), Nort-Holland, 1978, 717--729. 
[15] L. Lov/,sz and M. D. PLUMMER, On bicritical graphs, in: lnfinite andFini te  sets, (ed. A. 

Hajnal, R. Rado and V. T. S6s) North-Holland, 1975, 1051--1979. 
[16] L. LovAsz and M. D. PLUMMER, On minimal elementary bipartite graphs, J. Comb. Theory B 

23 (1977) 127--138. 
[17] D. NADDEF, Rank of maximum matchings in a graph, Math. Programming (1981). 
[18] D. NADDEF, and W. R. PULLEYBLA_'~, Ear decomposition of elementary graphs and GFz- 

rank of perfect matchings, preprint (1981). 
[19] M. D. PLUMMER, On n-extendable graphs, Discrete Math. 31 (1980) 201--210. 
[20] F. STERBOUL, A characterization of the graphs in which the transversal number equals the 

matching number, preprint. 
[21] L. SuRANvt, On line-critical graphs, in: Infinite and Finite Sets (ed. A. HajnaI, R. Rado and 

V. T. S6s), North-Holland (1975) 1411--1444. 
[22] W. T. TUXTE, The l-factors of oriented graphs, Proc. Amer. Math. Soc. 4 (1953) 922--931. 

L. Lov~.sz 

Bolyai Institute o f  
A. J6zse f  University 
Aradi v~rtanfik tere 1. 
Szeged, Hungary H-~6720 


