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We call a graph matching-covered if every line belongs to a perfect matching. We study
the technique of “‘ear-decompositions” of such graphs. We prove that a non-bipartite matching-
covered graph contains K, or K,®K; (the triangular prism). Using this result, we give new
characterizations of those graphs whose matching and covering numbers are equal. We apply
these results to the theory of z-critical graphs.

0. Introduction

In this paper we study the structure of those connected graphs, called matching-
covered, in which every line belongs to a perfect matching. This is, of course, a rather
restrictive property but quite often (e.g., when studying the number of perfect mat-
chings) it can be assumed without loss of generality by simply ignoring those lines
which do not occur in any perfect matching.

Two main lines in the study of structural aspects of matching-covered graphs
started quite early. Kotzig [10] defined the ‘“canonical partition” of these graphs.
Some further properties and applications of this partition were given by Lovéasz [13].
The other technique of decomposing such graphs is the technique of “ear-decompo-
sitions”. This was first introduced by Hetyei [9], and refined by Lovész and Plum-
mer [15].

In this paper we further exploit this ear-decomposition technique, and give
some applications of the results. In Chapter 1 some results on ear-decompositions
are proved. In Chapter 2 we prove that if a matching-covered graph is non-bipartite
then it has to contain one of two non-bipartite matching-covered graphs.

Sterboul [20] and Deming [3] characterized those graphs in which the matching
number equals the point-covering number (e.g. all bipartite graphs have this property
by Konig’s theorem). We offer two further characterizations of this property in Chap-
ter 3, in part as an application of the main result in Chapter 2. The second one of
these is closely related to Sterboul’s and Deming’s, even though no direct way is
known to derive one from the other. We also show how to apply these results in the
theory of t-critical graphs, and formulaie some conjectures.

AMS subject classification (1980): 05 C 99.
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1. Preliminaries

Let G be a finite, undirected graph. We say that G is critical if G —x has a per-
fect matching for every x€ V(G). We say that G is matching-covered if it is connected
and every line of G belongs to a perfect matching of . Matching-covered graphs
have been studied under various names (elementary graphs without forbidden lines,
Lovéasz and Plummer [15]; 1-extendable graphs, Plummer [19]; U-graphs, Naddef
[17] etc.). One early result on their structure is due to Kotzig [10] and Lovasz [13]:

Theorem 1.1 Let G be a maiching-covered graph. Then V(G) has a (uniquely deter-
mined) partition #(G) with the following properties:

(a) For x,yeV(G), G—x—y has a perfect matching iff x and y belong to diffe-
rent classes of #(G);

(b) A subset SCV(G) is a class of P(G) iff G— S has |S| connected components,
each of which is critical. O

In fact, this result was proved for a somewhat larger class of graphs called
elementary, but we shall not need this fact.

It follows from (a) above that the classes of #(G) are independent sets, i.e.
#(G) is a coloration of G. If G is bipartite than it is not too difficult to show that 2 (G)
coincides with its unique 2-coloration. (The study of bipartite matching-covered
graphs goes back all the way to K&nig [11]). If the graph G is not bipartite then Z(G)
is in general far from the best possible coloration. E.g. if we subdivide every line of
K,, by two points we obtain a graph G with chromatic number 3 and with 2p classes
in 2(G).

It may be worthwhile to formulate in general how the partition 4 (G) changes
under subdivision. A graph G’ is called an even subdivision of G if every line of G is
subdivided by an even number of new points (possibly 0).

Proposition 1.2. Let G be a matching-covered graph and G’ an even subdivision of G.
Then 2(G"), restricted to V(G), is the same partiton as P (G). Furthermore, if x is a
point of V(G')—V(G) which subdivides a line uvé E(G) and is at an even distance from
u on this subdivided line, then x belongs to the same class of #(G’) asu. [

Another approach to the structure of matching-covered graphs is due to Hetyei
[9]. Let G be a graph and G’ a subgraph of G. We say that G’ is a nice subgraph if
G —V(G’) has a perfect matching. (Thus every spanning subgraph is nice.)

Let G be a graph and G’ a subgraph of G. A path PcG iscalled an ear of G’
if V(P)NV(G’) consists of the two endpoints of P. In this paper all ears will have
odd lengths and we shall not tell this explicitely. Any line spanned by V(G’) but not
in E(G’) is an ear of G’.

A (weak) ear-decomposition of G starting with G’ is a representation G in the
form

G=GUpU..UP,

where P;,, is an (odd) ear of G’UP,U...UP; for i=0,1,...,k—1. The starting
point of our paper is the following result, implicit in the work of Hetyei [1964].

Theorem 1.3. Let G be a matching-covered graph and G’ a subgraph of G. Then G
has an ear-decomposition starting with G’ if and only if G’ is a nice subgraph of G.
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Proof. The fact that if G has an ear-decomposition starting with G’ then G’ is nice
is trivial: for every ear P;, let M(P,) denote the set of lines of P; at an odd distance
from its endpoints. Then M(P)U...UM(P,) is a perfect matching of G—V(G’).

On the other hand, assume that G’ is nice and let M be a perfect matching of
G—V(G’). If G” is spanning then the assetion is obvious, so suppose that G’ is not
spanning. Since G is connected, there exists a line e connecting V(G’) to V(G)—V(G").
Let F be a perfect matching of G containing e. Let P, be the connected component
of MUF containing e. Then P, is clearly a path alternating with respect to M and
starting and ending at G°. Hence P, is an ear of G" and G’U P, is a nice subgraph of
G. We can continue in the same manner and find an ear-decomposition of G. [

A strong ear decomposition is an ear-decomposition starting with a single line,
in which the ears are grouped:

G = {eO}U(PIU"'UPil)U(Pi1+1U"'UPiz)U""U(Pi,-_l"t‘lu"'UPi,)’

in such a way that the paths in each paranthesis are vertex-disjoint and, for every
I=t=r, the graph ({e}U(P,U...UP)U...UP,_,+;U...UP) is matching-
covered.

Example: Let G=K,, where V(K)={1,2,3,4}. Then G=1202341U(14U23)
is a strong ear-decomposition of G (abusing notation, we denote the path through the
points 2, 3, 4, 1 simply by 2341; also we omit a pair of parantheses if there is only one
ear inside). Note that the second paranthesis is necessary since if only one of 14 or 23
is added to the cycle 12341, then the resulting graph is not matching-covered.

The following result is due to Lovasz and Plummer [15]:

Theorem 1.4. Every matching-covered graph has a strong ear-decomposition with at
most two ears in each paranthesis. [

The fact that every matching-covered graph has a strong ear-decomposition
was proved by Hetyei; this follows by the same argument as Theorem 1.3. It is con-
siderably more complicated to prove that the parantheses can be broken up into others
containing at most two ears so that we still obtain a strong ear-decomposition. More
exactly one can prove the following, slightly stronger result:

Theorem 1.5. Let G be a matching-covered graph and G’ a matching-covered nice
subgraph of G. Then there exist one or two disjoint ears of G" in G such that adding these
fo G’ results in a matching-covered subgraph. [

One may formulate this result in a third way. Let us call a strong ear-decom-
position of a matching-covered graph G non-refinable if we cannot break up any
paranthesis into two; in other words, if we consider any paranthesis

in this ear-decomposition, and denote the subgraph constructed previously by G,

then for every non-empty proper subset {i,...,i,}c{i, ...,j}, the subgraph
G;UP,U...UP, is not matching-covered.

Theorem 1.6. In any non-refinable ear-decomposition of G, every paranthesis consists
of one or two ears. [
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We shall call a paranthesis accordingly a I- or 2-ear addition step.
The case of bipartite graphs is again of particular interest, The following result
was proved (in a matrix form) by Hartfietd [8].

Theorem 1.7. A bipartite graph is matching-covered if and only if it has a weak ear-
decomposition starting with a line. A matching-covered graph is bipartite if and only if
it has a strong ear-decomposition with no parantheses. Every weak ear-decomposition
of a matching-covered bipartite graph is strong. [

We next prove two lemmas by an “‘ear-decomposition” technique which will
enable us to find special ears of subgraphs.

Lemma 1.8. (Ear Selection Lemma). Let G be a maiching-covered graph, G, a nice
subgraph of G, and V(Gy)=V,UV, a partition of V(G,). Assume that there exists a
path in G—E(G,) connecting Vy to V,. Then there exists an ear of G, connecting
VitoV,.

Proof. We use induction on |[E(G)—E(G,)|. If there is a line e such that e connects
Viyto V,but ed E(G,) then we are done. Suppose that no such line exists. Let M be
a perfect matching in G—V(Gy). Let e be any line connecting V; to V(G)—V,—V,
(e.g. the first line on a path in G—E(G,), connecting ¥, to V,). Let F be a perfect
matching in G containing ¢ and P the connected component of FUM containing e.
Then P is an ear of G, starting at V.

If P ends at V,, then we are done. If P ends at ¥;, then consider the nice
subgraph Gi=G,UP and the set V=V UV(P). By the induction hypothesis,
Gy has an ear Q, connecting V' to ¥,. But then @, together with the appropriate por-
tion of P, forms an ear of G, connecting V;to V,. 0O

For bipartite graphs we can find ears of nice subgraphs with more restrictive
properties.

Lemma 1.9. (Bipartite Ear Selection Lemma). Let G be a bipartite matching-covered
graph with bipartition {U, W ). Let G, and G, be vertex-disjoini non-empty subgraphs of
G such that G UG, is nice and |V(G)NU|=|V(G)NW|. Then G,UG, has an
ear connecting V(G))NU to V(Gy)NW.

Proof. By induction on |E(G)—E(G,)—E(G,)|. If this is O then the assertion is
void (the hypothesis is not fulfilled). Since G is matching-covered, it follows that

|IF(V(G)NU)| = V(GHNU| = [V(GYNW],

and hence there exists an edge e joining V(G)NU to W—V(Gy).

Let M be a perfect matching of G—V(G,UG,;), F a perfect matching of G
containing e, and consider the connected component P of FUM containg e. P is
an odd path. with one endpoint in V(G;)NU. If the other endpoint of P is in
V(G,)NW, then we are finished. If the other endpoint of P is in V(G)NW, then
consider G;=G,MNP. Since G;UG, is nice (in fact M’'=M—E(P) is a perfect
matching in G—V(G;UG,)), and |V(G))NU|z=|V(G,)NW |, we may apply in-
duction and find an M -altermating path Q connecting V(G)NU to V(G )NW.
But then Q, together with the appropriate portion of P, forms an M-alternating
path connecting V(G )NU to V(GHNW. O
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Let G be a non-bipartite matching covered graph and consider a strong ear-
decomposition of G in which every step contains at most two ears. It is an important,
but unsolved question to find a strong ear-decomposition with as few 2-ear steps
parantheses as possible (note that since the number of ears in any strong ear-decom-
position is |[E(G)—|V{G)|+1, this is the same problem as finding a strong ear-
decomposition with the maximum number of steps.) For ramifications of this pro-
blem, see Naddef and Pulleyblank [18]. Here we prove the following, loosely connected
result. Let G be a matching-covered graph and G’ a nice matching-covered subgraph
of G. We say that G’ is a splitting subgraph if for every connected component T of
G—E(G"), V(T)NV(G’) 1s contained in one class of 2(G"). In other words, no path
in G—E(G’) connects two points in different classes of 2(G’). It is clear that if G”
is splitting then in any ear-decomposition

G=GUPU..UP,

the subgraph G"U P, is not matching-covered. So if G’ occurs in any strong ear-
decomposition of G, then the next step must consist of the addition of at least two
ears. The following theorem is a certain converse of this observation.

Theorem 1.10. Every matching-covered graph G has a strong ear-decomposition such
that whenever a bracket contains more then one ear, the subgraph constructed up to
that point is splitting.

Roughly speaking, in this ear-decomposition we add two ears only if we are
forced by the fact that the subgraph already constructed is splitting.

Proof. Starting with an arbitrary edge e,, we add one or two ears repeatedly so
that we always obtain a matching-covered nice subgraph G’ of G and whenever

possible, we add only one ear.

Assume that at a certain step we cannot add one ear to the current G’ so that the
resulting graph is matching-covered. If G” does not split G then there is a path P
connecting two distinct classes Sy, S,¢#(G). Thus by The Ear Selection Lemma, G’
has an ear P connecting S; to V(G")—S;. Then G’ + P is matching-covered and hence
P could be added to G’, a contradiction. [J

We end this section with quoting the following result of G.H.C. Little on
matching-covered graphs, for sake of later reference.

Theorem 1.11. Any two lines of a matching-covered graph are contained in a nice
cycle. O

2. Non-bipartite matching-covered graphs

We have discussed in the previous section how far can the addition of two
ears be postponed. It is another interesting question how soon can we “get over
with” the addition of two ears. We can answer this question for the first 2-ear step,
by showing that this can always be done in either the second or the third step. This
result will have some non-trivial applications.

Theorem 2.1. Let G be a non-bipartite graph. Then G has a non-refinable ear-de-
composition such that either the second or the third step is the addition of 2 ears.
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The result trivially follows from (in fact, it is equivalent to) the following
theorem. Let K, denote the complete n-graph and R, denote the n-prism, i.e. the
cartesian sum of K; and an n-cycle. With this notation, K,; and R; are non-bipartite
matching-covered graphs with the property that in every ear-decomposition of them,
the last step is the only 2-ear addition step (Figure 1).

Fig. 1

Theorem 2.2. Let G be a non-bipartite matching-covered graph all whose nice mat-
ching-covered proper subgraphs are bipartite. Then G is isomorphic to an even subdi-
vision of K4 or Rj.

Proof. By induction on |F(G)|. We may assume that G has no point of degree 2.
For suppose that x€ ¥V (G) is adjacent to y and z but to no other point. Identify x, y
and z. The resulting graph is trivially non-bipartite and matching-covered, and so,
it contains an even subdivision G; of K, or R, as a nice subgraph. Clearly, G, +xy+yz
corresponds to a nice subgraph of the original graph G which contains a nice even
subdivision of one of these two graphs. By the minimality hypothesis, G itself must
be an even subdivision of K, or R;.

It also follows that G is 3-line-connected. For suppose that G has a pair {e, f}
of lines such that G—e—f is disconnected. Since G is 2-line-connected, G —e—f has
then exactly two connected components G, and G,, and e and f connect Gy to G,.
Let e=x,x,, f=y,y. where x;, v;€V(G)).

Case 1. G, and G, are even. Then one of G,+x;¥;, Gys+Xx,,, say the first, must
be non-bipartite. It is easy to see that G,+x;y, is matching-covered and hence it
contains an even subdivision H of K, or R, as a nice subgraph. If H does not contain
X,y we are done. So suppose that x,3,€ E(H). Further, since G,+ x,y, is matching-
-covered and not just K,, it contains a nice cycle C through x,y,. But then (H —x )+
+(C — X35} + X1 X2+ y1 V2 18 an even subdivision of K, or R; contained in G.
Case 2. G,and G, are odd. Then let G; and G; denote the graphs obtained from G by
contracting G, and G, to a single point, respectively. G and G; are matching-covered
and one of them, G say, is non-bipartite. We conclude just like in Case 1.

Now we turn to the more substantial part of the proof. Consider any non-
refinable ear-decomposition of G. Then the graph G” before the last step is bipartite.
Since G is non-bipartite, it must arise from G’ by attaching two ears. Since G has no
point of degree 2, these two ears are of length 1. Let ¢, and e, be the two lines forming
these last ears. Then it is easily verified that e, and e, are spanned by different color
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classes of G’ and that every nice cycle (in fact, every even cycle) containing one of
them must also contain the other.

Let C be a nice cycle through e, (and so through e,), and consider a non-defi-
nable ear-decomposition of G starting with C. As before it follows that G arises
from a bipartise G” by attaching two edges f; and f;, one in each color class.

Let C’ a nice cycle of G containing both e; and f; (this exists by Litte’s Theo-
rem 1.11). Then by the above, C” also contains e, and f,.

Consider an ear-decomposition of G starting with C’, and let, similarly as be-
fore, I, and h, be the two lines to add to G to obtain G. Thus each of the pairs
{e1, e}, {1, f2} and {hy, b} has the property that deleting its elements from G the
remaining graph is bipartite.

Let C be 4 nice cycle in G—e; —e, containing both endpoints of e, (such a
cycle exists by Litile’s theorem). The line e; forms with the two ares of C two odd
cycles. Since G —f; —f is bipartite, it follows that f; and f; are lines of C and if E;
and E, are the two components of C —f; —f, then e, connects E; and E,. Further,
E, and E, are odd paths, as f, and f; are spanned by different color classes of the bi-
graph G—/f1—f;.

Applying the Bipartite Ear Selection Lemma, we obtain a path. PCG —f,—f;
alternating with respect to some perfect matching of G—¥V(C), which connects £,
to £, and whose endpoint on E, is at an odd distence from the endpoint of €, on E;.
Since G — f; —f, is bipartite, the endpoints of e; and P on E, are also at an odd distance.
If the endpoints of e, and P separate each other on C, then we have an even subdivi-
sion of K. So suppose that they do not. Then ¢, and P form, with appropriate arcs of
C, two disjoint odd circuits Cy and C, such that C;UC, is a nice subgraph. Since
G —e,—e, is bipartite, it follows that ¢,€ E(C;) and similarly, f;, h,€E(C)) (if the
subscripts are chosen appropriately).

Let E;, I; and H; denote the components of C;—{e;, f;, #;}, so that E; and
e, F; and f;, as well as H; and h; are disjoint (Figure 2).
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Claim 1. No path in G—{e,, es, f1, J2, h1, B} connects two points of C; on diffe-
rent arcs E,, F;, H;.

Proof. Suppose that there is such a path P connecting a point of E; to a point of F;.
Then P, together with one of the two arcs of C; connecting its endpoints, forms an
odd cycle Cy. But then C, misses at least one of the pairs {ey, e;}, {f1. f2} and
{hy, hy}, which is a contradiction. O

Claim 2. If a path openly disjoint from C,UC, connects C; to C, then it connects
E, to E;or Iy to Fyor H, to H,.

Proof. Suppose that P is such a path connecting £, to F, (say). Since G is 3-line-
connected, G —{e;. fi} contains a path Q connecting H; to C,UC,UP—V(H,).
Now the endpoint of @ in C,UC,UP—-V{H,) cannot be on PUF,, by Claim 1.
Let R, be the arc of C, connecting the endpoints of P and @, cotaining f; (but not e,
and h,), and let R, be the arc of C, connecting the endpoints of P and Q such that
the cycle Co=R;UPUR,UQ is odd. Then C, misses either both e; and e, or both
h, and h,, which is a contradiction. [J

Since C, is odd, at least one of S, F;, H, is of even length; let, say, E, be of
even length. Let M be a perfect matching in G~ V(Cy)—V(Cy).

Claim 3. There exists an M-alternating path P connecting a point x,€V(E)) o a
point x,€ V(Ey); furthermore, x, divides E, into two even paths.

Proof. To prove this claim, consider the matching-covered bigraph G—e;—e,.
the subgraphs G,=FE,, G,=FE,UF,UF,UH,UH,, and the 2-coloration {U, W'}
of G —e, —e, in which the points of UM V'(E),) divide E; into two even paths. Then the
Bipartite Ear Selection Lemma implies that G —e, —e, contains an M-alternating
path P connecting UNV(E,) to WD (V(E)JUV(FYUV(F)UV(H)UV(H,)). By
Claims 1 and 2, P must end at WNV(E,). O

By the same argument we find an M-alternating path Q connecting a point
1€V (F}) to a point y,€ V(F,), where y, is at an even distance on F; from h;; and
an M-alternating path R connecting a point z,€ V(H;) to a point z,€ V' (H,), where
z; is at an even distance on H; from f;. Thus xy, y; and z; divide C, into three odd
arcs. Claim 1 implies that P, Q and R are vertex-disjoint, and the fact that G—e,—e,
is bipartite implies that x,, y, and z, divide C, into three odd arcs. Thus C,UC,U
UPUQUR is a nice subgraph and an even subdivision of R;. O

3. The Konig property

Let, for a graph G, v(G) denote the maximum size of a matching and 7(G)
the minimum number of points covering all lines. Obviously, v(G)=1(G). We say
that G has the Kénig property if v(G)=1(G). (The theorem of Kénig asserts that
every bipartite graph has this property.)

Sterboul [20] and Deming [3] found the following characterization of graphs
with the K6nig property. Let M be a maximum matching in G. A monocle (with re-
spect to M) is the union of an odd cycle C and an even path P such that P connects a
point of C to a point missed by M, has no other point in common with C, and M meets
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CUP in a maximum matching of CU P. A binocle (with respect to M) is the union
of two odd cycles C, and C, and an odd path P such that P connects a point of C, to
a point of C,, has no other point in common with C,UC,, and MNP is a perfect
matching of Pand MNC; is a maximum matching of C;. (The two cycles C, and C,
do not have to be vertex-disjoint!)

Theorem 3.1. (Deming [3], Sterboul [20]). Ler G be a graph and M a maximum
matching of G. Then G has the Konig property if and only if it contains no monocle or
binocle with respect to M. [0

Here we offer two other characterizations of the Kénig property. This property
is by definition in NP. Each of the three characterizations imply that it is also in
CO-NP. The next characterization easily yields that the K&nig property is in P (this
also follows from the work of Sterboul and Deming).

We shall need the following important theorem of Edmonds [4] and Gallai
[6]. Let G be any graph. Let D(G) denote the set of points of G which are missed by
some maximum matching. Let 4(G) denote the set of neighbors of D(G) in V(G)—
—D(G); and let C(G)=V(G)—A(G)—D(G).

Theorem 3.2, (Edmonds [4], Gallai [6]). The subgraph spanned by C(G) has a perfect
matching. Every connected component of the subgraph spanmed by D(G) is critical.
The number of components spanned by D(G) is |A(G)|+|V(G)|—2v(G). Every
maximum maiching of G consists of a perfect matching of C(G), a matching of the
points of A with points in different components of G, and a maximum matching of each
component spanned by D(G). O

It is also important to point out that Edmonds’ matching algorithm [4] ends
up with this partition {4(G), C(G), D(G)} of V(G).

Using this result, the study of the Kénig property can easily be reduced to the
case when the graph in question has a perfect matching.

Lemma 3.3. A graph G has the Konig property iff D(G) is an independent set of points
and the subgraph induced by C(G) has the Konig property.

Proof. Let x, y€D(G) and assume that x and y are adjacent. Let 7" be a minimum
point-cover of G, then one of x and y, say x, belongs to 7. By the definition of D(G),
G —x has a matching M of size v(G). Since T must cover all edges of M, it follows
that |7]=|M|+1>v(G). So G does not have the Konig property.

Forthermore, assume that the subgraph G, induced by C(G) does not have the
Konig property, and let again T be a minimum point-cover of G. Then TNC(G)

18 a point-cover of G, and hence |TNC(G)|=v(Gy)=|V(G)|2. Further,
‘Tﬂ (A(G)UD(G))J%IA (G)|, since A(G)UD(G) spans |[4(G)| independent lines
by the properties of the Edmonds—Gallai decomposition. Hence |T|>|A4(G)|+
+%|C(G)|=v(G), and so G fails to have the K6nig property again.

Conversely, assume that G, has the Kénig property and D(G) is an indepen-
dent set. Let T'be a minimum point-cover of G,, then TUA(G) is a point-cover of G
and

ITUA(G)] = HC(G)|+]4(G)| = v(G).

Thus G has the Konig property. 0O

g+
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A perfect k-matching in a graph G is an assignment of non-negative integers to
the lines in such a way that the sum of the values of lines adjacent to any given point
is k. Thus in every perfect 2-matching those lines with value 2 form a matching M,
and those lines with value 1 form vertexdisjoint cycles which cover V(G)—V(M).
We say that a line occurs in a perfect k-matching if its value is positive.

Two perfect matchings give rise to a perfect 2-matching, by letting the value
of a line be the number of perfect matchings among these two containing it. Not every
perfect 2-matching, however, arises this way: a perfect 2-matching is the sum of two
perfect matchings iff every cycle formed by edges of value 1 is even.

Theorem 3.4. A graph G with a perfect matching has the Konig property iff’ those
lines which occur in some perfect 2-matching form a bipartite graph.

Proof. I. Assume first that there exists an odd cycle C all whose edges occur in
perfect 2-matchings. Let 7 be a point-cover, then 7 must contain two points x, y
adjacent on C. Let w be a perfect 2-matching in which xy occurs. Then

AT = 2 2 wwr)= > o(w)+olxy)=V(G)|+1,
ue T uvc E(G) ne € E{(G)
whence

1T = HV(G) = v(G).

Thus G does not have the Konig property.

II. Assume that those lines occuring in perfect 2-matchings form a bipartite
graph G,.

Since G has a perfect 2-matching, [[(X)|=|X]| for every independent
XS V(G).

Assume first that G contains an independent set 4 € F(G) such that |[I'(4)|=
=]A4|. Consider the subgraph G, induced by 4UI'(A) and the subgraph G,=
=G —A—TI'(4). Obviously, any perfect matching of G consists of a perfect matching
of G; and one of G,. Furthermore, every perfect 2-matching of G, extends to a per-
fect 2-matching of G. Hence it follows that those edges of G, occuring in perfect
2-matchings form a bipartite graph and so, by induction, we may assume that G,
contains a point-cover T of size L |V(Gy)|=%[V(G)|—|4|. Then TUTI' (A) is a point-
cover of G of size 1|V (G)|.

Second, assume that for every independent set A4S V(G) we have |['(A)|>
>|A|. We claim that every line of G occurs in a perfect 2-matching. For let xy¢
€E(G). Then every independent subset AC V(G —x) has at least [4| neighbors in
G —x, and so by a theorem of Tutte [22], G —x has a perfect 2-matching w, . Simi-
larly G —y has a perfect 2-matching w,. Then o,+w,+2xy is a perfect 4-matching
of G in which xy occurs. Since every perfect 4-matching is the sum of two perfect
2-matchings by Petersen’s theorem, we obtain a perfect 2-matching containing xy.

(Remark: This conclusion would also follow from the results of Berge [2]
on regularizable graphs.)

Now it follows that G is bipartite and hence v=1 holds true by Kéonig’s
theorem. [

Next we prove another characterization of graphs with the Ko6nig property,
more closely related to the results of Deming and Sterboul.
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Theorem 3.5. Let G be a connected graph with a perfect maiching. Then G has the
Konig property iff it does not contain an even subdivision of the graphs in Figure 3 as
a nice subgraph.

Proof. If G contains either one of the graphs in Figure 3 as a nice subgraph then a
simple calculation shows that every point-cover of G has more than %[V(G)|
points and so G does not have the Konig property.

)

Fig. 3

Assume that G does not have the Konig property. Then by Theorem 3.4.,
those lines of G which occur in any perfect 2-matching form a non-bipartite subgraph
Gy Suppose first that no perfect 2-matching of G contains an odd cycle. Then every
perfect 2-matching of G is the sum of two perfect matchings and so every line of G,
occurs in a perfect matching. Hence every connucted component of G, is matching-
covered. Since G, is nonbipartite, it has a component G, which is non-bipartite. Thus
G, contains an even subdivision of one of the two graphs in Figure 1 as a nice sub-
graph. Hence G contains an even subdivision of one of the two graphs in Figure 3
as a nice subgraph.

Second, suppose that G has a perfect 2-matching @ which contains an odd cycle.

If w contains 2k=>2 odd cycles, then let G, be the union of these. Then G,
is a nice subgraph of G and since the connected components of G are even, there
must exist two odd cycles of G, belonging to the same component of G. Hence by
the Ear Selection Lemma, there is an ear P of G, connecting two odd cycles C, and
C, of Gy. Then C,UC,UP has a perfect matching M. Replacing Cy, C,; and @ |P
by 2M in w, we obtain a perfect 2-matching with 2k —2 odd cycles. Repeating this
procedure if necessary, we obtain a perfect 2-matching w, with exactly 2 odd cycles
C, and C,.

As above, it follows that C,lJC, has an ear P connecting C, and C,. Thus
C,UC,UP is an even subdivision of the second graph in Figure 3, occuring in G as
a nice subgraph. O

As an application of this result, we derive a theorem of Andrasfai [1]. Let G
be a graph. We say that G is t-critical if 1(G’)<1(G) for each proper subgraph G’
of G. ErdGs and Gallai [5] proved that, for every t-critical graph G, [V(G)|=21(G),
and that equality holds iff G is a matching. It follows from the results of Hajnal
[7] that if G is a connected t-critical graph with |V (G)|=2t(G)—1 then G is an odd
cycle. Andrasfai [1] proved that if G is a connected t-critical graph with [V(G)|=
=21(G)—2 then G is an even subdivision of K,. Suranyi [21] determined those
connected t-critical graphs with |V(G)|=2v(G)—-3 and Lovasz [14] proved that for
every 6=>0 there exist a finite number of graphs such that their even subdivisions
are precisely the connected t-critical graphs with [V(G)|=2v(G)—4.
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Let us derive Andrasfai’s result from Theorem 3.5. We shall comment on the
relationship between matchings and the other results mentioned above in the next
section.

So let G be a connected t-critical graph with |V{(G)|=21(G) —2. By a theorem
of Hajnal, G has a perfect 2-matching w. The perfect 2-matching @ cannot contain
an odd cycle, since th.n the subgraph formed by the edges occuring in this perfect
2-matching would have 1(G")=1(G), contradicting the hypothesis that G is t-critical
(G’'#G as G is connected).

So w contains no odd cycle and hence G has a perfect matching. Since 7(G)=
=4(|V(G)+2)>v(G), G does not have the Konig property and so by Theorem 3.5,
it contains an even subdivision of one of the two graphs in Figure 2 as a nice subgraph.
But & cannot contain an even subdivision of the second, since then we would find a
perfect 2-matching with an odd cycle. So G contains an even' subdivision G, of K,
as a nice subgraph. But then, if G’ is the subgraph consisting of G, and a perfect
matching of G—V(G,), we have ©(G')=1(G). Hence G’=G. Since G is connected,
this is possible only if G=G,. O

4. Concluding remarks

Theorem 2.2. may be rephrased like this: if G' is a matching-covered graph an
|#(G)|=2 then G has a nice-matching-covered subgraph G’ with |#(G’)|>2 and
with cyclomatic number =4. In this form, it suggests the following conjecture.

Conjecture 1. There exists a function f(k) with the following property: every mat-
ching-covered graph with |?(G)|=k has a nice matching-covrede subgraph G’ with
PG =k and with cyclomatic number =f(k).

A similar conjecture arises from Little’s theorem:

Conjecture 2. There exists a function g(k) such that if G is a matching-covered graph
and ey, ..., e,C E(G), then G has a nice matching-covered subgraph containing ey, ..., ¢,
with cyclomatic number =g(k).

Finally, we formulate a third related conjecture:

Conjecture 3. There exists a function h(s, t) such that if G is any graph, X, ...
s X, EV(G), (X|=5s and G—X; has a perfect matching for every 1=i=t, then
G has a nice subgraph G’ such that Xy, ..., X,S V(G"), G’ —X, has a perfect matching
for every 1=i=t, and G’ has cyclomatic number =h(s,t).

We remark that Conjectures 2 and 3 are true for bipartite graphs (Lovész and
Plummer [15]; Lovész [14]). In fact, the validity of conjecture 3 for bipartite graphs
is the main lemma in the proof of the finite basis theorem for t-critical graphs men-
tioned in the previous section.

Conjecture 2 is valid for k=2 (this is just Little’s theorem). Conjecture 3
is trivial if ¢=2, but the case =3 is already unsettled. In fact, the general case can
be reduced to the case ¢=3.
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